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D - Liquid Metal Battery (LMB)

» Definition: system of 3 superimposed

fluid layers (anode/electrolyte/cathode) +

a strong electric current + a relatively
strong temperature.

> Interest: energy storage for stationary
applications = promote renewable
energies.

» Avantages: long lifetime + low costs.

> Difficulties: hydrodynamic phenomena
(metal pad roll instability, thermal
convection, etc.)=- risk of short circuit +

need for thermal efficiency improvement.

» Example: Li/CaBr2/Cd, T ~ 320°C
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Figure: Diagram of an
LMB in discharge (top)
and in charge (bottom)
from H Kim & al. Chem.
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Incompressible fluids.

Non miscible fluids.

Vertical and homogeneous electric
current in the base state ()

Electric conductivity of the electrolyte
« electric conductivity of the
electrodes

Thickness of the electrolyte «
thickness of the electrodes

Width of the layers » wavelength of
the disturbance

D - Simplified representation of a LMB
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Figure: Sketch of the LMB

mode
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| in the base state.
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D - Complexities

» Consider viscosity:

= Numerical solution for the eigenvalue problem

» Add a third layer:

= Coupling between the 2 interfaces = All the
modes considered for the initial value problem

Consider the Lorentz force:

= Coupling between the Navier-Stokes (Fluid
Mechanics) equations and the Maxwell equations
(Electromagnetism)
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Model 1

>

Model 2
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D - Litterature for model 1

Theoretical studies Experimental work
1. KO Mikaelian Phys. Rev. A 1983 1. R Adkins & al.,J. Phys. Rev.

— inviscid model, N layers, Fluids 2017
analytical solutions. n

2. S Parhi & G Nath Int. J. Engng
Sci. 1991
— viscous model, solving method,
stability criterion.

3. KO Mikaelian Phys. Rev. E 1996
— viscous model, 2 finite layers,
solving method.

Model 1: Mikaelian (3 layers) + consider viscosity
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D - Litterature for model 2

1.

MC Renoult

A D Sneyd J. Fluid Mech. 1985

— Linear stability analysis of two inviscid systems close to LMB:
Hall-Héroult Cell (HHC) and Electric Arc Furnace (EAF) + far
magnetic field.

Model 2

HHC: the local magnetic field has only a stabilizing effect.
EAF: the local magnetic field can destabilize the system.

J W Herreman & al. J. Fluid Mech. 2019 and 2023 to be published
— Metal pad roll instability with a perturbative method in a
cylindrical model of LMB.
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9 - Formulation

Assumptions:
\ gext .
z ‘ » Isothermal conditions.
y Az
L 27 gl » Extreme layers of infinite depth
and infinite width.

» Newtonian fluids.

I
1
oSdooo

» No slip conditions.

» Slowly variable regime
(quasistatic approximation).

» Coulomb force disregarded.

v

Magnetic field not bounded at

Figure: sketch of the 2 models.
the interfaces.
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® - Volume equations

Volume equations in each phase i € {1;2;3}:

V. =0 (mass balance)
Pi (17,-,;_» + (a; - 6)17,-) = —Vpi + u;&LT,- +fli+ pig (momentum balance)

With 7, — J; = B;, the Lorentz force in the layer (i)

Maxwell equations and Ohm's law:

B: = uoJ; (Maxwell-Ampére)
E =0 (Maxwell-Faraday)
-B; =0 (Maxwell-Thomson)

Ji = 0;E;  (Ohm’s law)
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? - Jump conditions

Jump conditions at each interface iji +1
with i € {1;2}:

Uy - Ay = Vi1 - A; = Ui41 - A;  (mass balance)

(piv1 — pi + viir16ir1) A = (Tio1 — 77) - 1; (momentum balance)
Ui % i = 1 % ;- (no slip)

B,’ . n',- = B,’.l . n',- s B,‘ X n',- = B,‘ 1 X n’,- (magnetic fleld)
Jiemi=1Jig o, Erxon;p=E; 1 <0 (electric field)

. — Zjj Zjj
with @ =(=Ziit1,0, —Zig1,y, 1) T Rijpr = 25 4 S and
(1+Zi${1,x)2 (1+Zr$}l‘y)2

5= wi(Va + (V)T

The unit vector normal to z;.1, the curvature of z;.; and the viscous
stress-tensor in the layer (i)
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9 - Basic state

Definition:
> Fluids at rest: 7 =0

» Interface 12 plane: zf, =0

» Interface 23 plane: z3; = h

Volume equations:

—V(p; + pigz)+ /¢, « B =0 (momentum balance)
Vo B = ppe. (Maxwell-Ampere)
V.B’ =0 (Maxwell-Thomson)

Jump conditions:

pjﬂ—pi“:Oatz:(i—l)h
B, —Bf=0at z=(i—1)h
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- Basic state

Admissible magnetic fields:

Q 0
Bl = Br+a-x with o = )" | R+ % — 0| = Qocal + Qfar
0 0

With éc a constant vector and X = (x,y,2)7.
Q and R refer to the far magnetic field.

Solution for the pressure:

pi(x,y,z) = —p1gz + pf + py(x. v)
p3(x,y,2) = —p282 + P + piy(x. ) |
p3(x,y,2) = —p3gz + gh(ps — p2) + p; + pi,(x.v)

with p* = pj(z = 0) a constant and p;, = /10J" (yB — xB? ) +

(1077 (Qxy — & (%7 + %) + LR (y? — x?)), the magnetic pressure in
the base state.
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- Perturbed state

Definition:

Ui(x,y,z,t) = Ui+ dl(x,y,z,t) = ot with v} <1
pi(x,y,z,t) = p, “(z) + pi(x,y, z, t) with p,'- <L pf
Zu+1(X Y, t) - zu+1 +le+1(X Y, )Wlth ZII+1 < Zi7+1
J(Xyz t)fJ + J(x,y,z, t)vv|thJ/<<J
B(Xyzt) B(xyz)+B(xyzt)W|thB/<<B
Ei(x.y, z, t)fE (z )+E,-(><.y.z.t)W|th E] << E?

Volume equations in each phase i € {1;2;3}: Mass balance: uj;; =0

Linearized momentum balance: pjuj . = —p; ; + piAuj + 1/
Je{xiy;z} with 7/, = ¢, J B+ ) B, the disturbed Lorentz
force

m?

Linearized Maxwell equations and Ohm's law:

i
JlmB/m/ /’UJij ’ (j/m im, =0

o A~
,H =0, J/-jffr,EU
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9 - Perturbed state

Linearized jump conditions at z = (i — 1)h, i € {1;2}:

MC Renoult

Uiz = z,{,'+17t = Ujy1z

Ujx = Uj+1x

Uiy = Ujt1y

Piv1 — P — (Piv1 = pi)8Zj1 = Vit 1 (Ziig1 o T Zitinyy) =
2(pit1Uiz1z,z — Miliz z)

/Li+1(ui+lz,x + Ui+1><,z) — Ni(uiz,x + Uix,z)

NjJrl(Uiquzﬂ,y + ui+1y,z) - Ni(uiz,y + uiy,z)

Bﬂ{xﬁ;:ﬂ i X M
[ = iy
E/ x fi; = E/.; X i
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9 - Dimensionless numbers

Solutions searched under the form: elfkxtikyy+wt) with
k? = k2 + kf the wavenumber of the perturbation and w the time
coefficient (complex number).

Vaschy-Buckingham theorem = 9 dimensionless numbers for

model 1 and 5 dimensionless numbers for model 2
_ p2 _ p3

priz="52 ", pnz =122 (densities)

Re; = \/gvl, (viscosities)
Boji+1 = %%fé)g = i—cz (surface tensions)

With k. the cut-off wave number

K = kh (thickness)

Q = wy/gk (pulsation)

J = Jiocal + Jtar (magnetic fleld)

With Jlocal = _MOJ*2/p1g and Jfar = Jfar(Qa R)

Dispersion relation: f(pr12, pros, Re;, Bojiv1, /, K,2) =0
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® - Dispersion relation

» Volume equations — u;,:

U, = (Clekz + Dleq1z)e(ikxx+ikyy+wt)
Up, = (Aze_kz + Bze_qzz + Czekz + DQGqZZ)e(’kXx+'kyy+Wt)
U3, = (A3e—kz + B3efq3z)e(lkxx+lkyy+wt)

with Cq, D1, As, Bo, Gy, D>, Az and B; 8 unknown coefficients
and g; = \/k? + wp;/ ;i the modified wavenumber in phase /.

» 4 equations at each interface — 8 equations — closed problem

Dispersion relation: solution of | M-(Cy, D1, Az, Bz, Co, Da, Az, B3) T=0

Non-trivial solutions are solutions of

IM| =0
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For model 1:

There is one analytical solution, stable Vk:

w1 8 pi -1
Q = — = _—— = —R
YTk Ve i

And 3 or 4 other solutions, depending on k, determined numerically.

For model 2:

Q*f(K, pria, pr13) + LH(K, prz, priz, J) + fo(K, praa, priz, J) =0

With:

fa = pr12(pr12 sinh(K) + cosh(K)) + pr13(pr12 cosh(K) + sinh(K))
f» = pr12(1 — pr13)(sinh(K) + cosh(K)) — (1 + p,13)J sinh(K)~*
fo = (pri2+pr13)(1—pr12) sinh(K) — (14 p,13)J sinh(K) =1 — J? sinh(K) 1
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9 - 2 limit cases for comparison for model 1

1. 2 separate 2-layer fluid systems (considering the fluid viscosities)

)
1) is gravitationally unstable.
2) is gravitationally stable.

2. 3-layer inviscid model of Mikaelian
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8 - Solutions for 2 separate 2-layer fluid systems

o o
g-unstable Vs g-stable
-
02f,” Y 0.2
) \ ¥
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kc: cutoff wavenumber due to surface tension.

MRe(w) > 0 — unstable solution; Jm(w) # 0 — oscillations.
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® - All solutions on the same graph!

k < kc: 1 unstable + 2 stables

k > k.: 4 stables
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3 - Solutions for the 3-layer fluid system, h=1 mm

3 totally stable solutions: 1 analytically,
Other solutions: 2 stable for k > k., 1 unstable for k < k..

MC Renoult
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3 - Effect of h on the unstable solution

Effect of h:

0.3

02

0.05 fI

— — -2 layers case
h=1mm
h=2mm
h=6mm

» Increasing h (i.e. decreasing interface coupling) increases w.

04 05 0.6

kike
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® - Comparison to experimental values

Effect of h on Adkins data compared with model 1 and Mikaelian's

theory:

“oil/water/oil" case
0.35

“oil/water/air" case
0.35

Riw)(g k)
°
a
e
s
o
3
o
°

005 © Experimental data for h=2mm
Experimental data for h=5mm
— \/iscid theory for h=2mm
Viscid theory for h=5mm

= m = w1 Inviscid theory for h=2mm

005 @ Experimental data for h=1mm
Experimental data for h=5mm
m— Vscid theory for h=1mm
Viscid theory for h=5mm
®mm miinviscid theory for h=1mm

005 Inviscid theory for h=5mm 005 Inviscid theory for h=5mm
02 025 03 03 04 02 025 03 035 04
Kk, Kk,

» The viscous model improves the prediction as h is reduced.

MC Renoult
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8 - Effect of densities on the eigenvalues

Effect of the dimensionless density p; = £2:

P1
plpy = 1.01 pylp, = 1.8085 pylpy = 36171
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for h=1mm

» The density ratio has a strong effect on the unstable
eigenvalues
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8 - Effect of viscosities on the eigenvalues

- Rer _ wvo.
Effect of the ratio R—e; = V—f

ey = 0.10584 wyfur, = 1.0584 wyfir, = 10.5837
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for h=1mm

» The viscosity ratio has a strong effect on the most stable
eigenvalue
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8 - Conditions of stability for the model 2

pri2 = 0.27 and p,13 = {0;0.25} (values of Herreman & al.):

Unstable s Unstable

. Stable 0
_’ \ _’

Unstable

Unstable Unstable
. iK=q.2 . E K=1‘.2
K ‘ ’ K

Figure: Stability diagram for an EAF model where p,13 = 0 (left) and
the present LMB model (right)

» An unstable region appears in the middle of the stable one =

making difficult the conception of such a battery.
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@ - Conclusion

» Development of 2 models for a 3-layer fluid system:

1. One that considers the viscosity of the fluids
» The instability is less important when the interfaces are

coupled
» The lower p; is with respect to p» the less the instability will

be important

2. One that considers the Lorentz force acting on the fluids
» Find a liquid metal as light as possible for the top layer
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# - Outlooks for model 1

Archer simulations. a = A/50, ny = 64

» Solve the initial value problem w
= perform numerical
simulations.

5 10

) ol)

> Archer (In-house code) has been
chosen. 2 steps are missing: w0

000 002 004 006 008 010 012 014
tis]

1. 3 phases (J. C. Brandle de Figure: Comparison between theory
Motta) and simulations for a 2-layer fluid

2. Magneto-static (R. Canu) ~ System.
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B - Outlooks for model 2

» Study the standing wave = determine a more general Sele criterion.

Sele's criterion:

J* B} I,
J— z XY J—
6 " g(p1—p2)hihz > /Bcr =12

» Cross-validate the theoretical results with numerical simulations.

» Develop a viscid model for LMB.

» Develop a weakly non linear theory to extend the time of validity of
the model.
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Thank you for your attention.

Any questions?
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